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THE SHAFAREVICH CONJECTURE AND SOME
EXTENSION THEOREMS FOR PROPER HYPERBOLIC
POLYCURVES
IPPEI NAGAMACHI, TEPPEI TAKAMATSU
Abstract. In this paper, we prove the Shafarevich conjecture for proper
hyperbolic polycurves, which is a higher dimensional analogue of that
for proper hyperbolic curves. First, we study theories of proper hy-
perbolic polycurves over regular schemes. For example, we generalize
the moduli theory of Kodaira fibrations due to Jost and Yau [JY]. We
also show the Ne´ron property of proper smooth models of proper hyper-
bolic polycurves over Dedekind schemes under an assumption on residual
characteristics. We then apply these extension theories to the proof of
the Shafarevich conjecture for proper hyperbolic polycurves.
0. Introduction
The Shafarevich conjecture for proper hyperbolic curves, which was proved
by Faltings, states the finiteness of isomorphism classes of proper hyperbolic
curves of fixed genus over a fixed number field admitting good reduction
away from a fixed finite set of finite places. In this paper, we shall establish
the generalization of this theorem for the class of proper hyperbolic poly-
curves, that is, varieties X which admit a structure of successive smooth
fibrations (called a sequence of parameterizing morphisms (cf. Definition
1.1))
(S) : X = Xn → Xn−1 → · · · → X1 → X0 = SpecK
whose fibers are proper hyperbolic curves. Let F be a number field, p a
finite place of F , and OF, p the valuation ring of F at p. For any proper
hyperbolic polycurve X over F , we say that X has good reduction at p if
X admits a smooth proper model over OF, p (cf. Definition 1.4). Our main
theorem is the following:
Theorem 0.1 (see Theorem 3.4 for a more general statement). Let F be a
number field, and S a finite set of finite places of F . Let χ be an integer, and
n a positive integer. Then there exist at most finitely many isomorphism
classes of proper hyperbolic polycurves of dimension n with Euler-Poincare´
characteristic χ over F which has good reduction outside S.
As a corollary of Theorem 0.1, we give another proof of Sawada’s finite-
ness theorem of isomorphism classes of proper hyperbolic polycurves with
prescribed fundamental groups (cf. Corollary 4.1 and Remark 4.2).
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The main tool of the proof of Theorem 0.1 is the Shafarevich conjecture
for proper hyperbolic curves over finitely generated fields of characteristic
0, which was also proved by Faltings. To use Faltings’s result inductively,
we study the structure of integral models of proper hyperbolic polycurves.
Precisely, we shall give the following result:
Theorem 0.2 (cf. Theorem 2.2). Let T be a connected Noetherian regu-
lar scheme, K(T ) the field of fractions of T , and X → T a proper smooth
scheme. Write X for the scheme X ×T SpecK(T ). Suppose that X is a
proper hyperbolic polycurve over K(T ). Moreover, suppose that the resid-
ual characteristic of every point of T of codimension 1 is sufficiently large
(see Theorem 2.2 for the precise bound) or equal to 0. Then, for any se-
quence of parameterizing morphisms (S) of X → SpecK(T ), there exists a
unique sequence of parameterizing morphisms (S′) of a proper hyperbolic
polycurve X′ → T (up to canonical isomorphism) such that the base change
of (X′, (S′)) to SpecK(T ) is isomorphic to (X, (S)) (cf. Definition 1.1.2) and
X is canonically isomorphic to X′.
Theorem 0.2 is a sort of generalization of the result of Jost and Yau [JY].
(In [JY], proper hyperbolic polycurves of relative dimension 2 over complex
manifolds are treated.) We prove Theorem 0.2 by applying the results on
Ne´ron models of hyperbolic curves by Liu-Tong [LT] and the purity of proper
hyperbolic polycurves over regular schemes (cf. Theorem 1.11).
The content of each section is as follows: In Section 1, we give the precise
definition of a proper hyperbolic polycurve and the proof of the purity of
proper hyperbolic polycurves over regular schemes. In Section 2, we dis-
cuss structures of smooth models of a proper hyperbolic polycurve over a
Dedekind scheme. In Section 3, we give the proof of the Shafarevich con-
jecture for proper hyperbolic polycurves by using the results of Section 2
and Faltings’s result. In Section 4, we give another proof of the Sawada’s
finiteness theorem for proper polycurves in the case where their coefficient
fields are finitely generated over Q.
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Foundation. The second author would like to thank Qing Liu for help-
ful comments on Proposition 1.7. The second author is supported by the
FMSP program at the University of Tokyo. This work was supported by
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Center located in Kyoto University.
1. Proper hyperbolic polycurves over regular schemes
In this section, we discuss properties of proper hyperbolic polycurves over
regular schemes (cf. Theorem 1.11). We start with the definition of a proper
hyperbolic polycurve.
Definition 1.1. Let S be a scheme and X a scheme over S.
(1) We shall say that X is a proper hyperbolic curve over S if the struc-
ture morphism X → S is proper, smooth, and of relative dimension
1 with geometrically connected fibers of genus g ≥ 2.
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(2) We shall say that X is a proper hyperbolic polycurve (of relative
dimension n) over S if there exists a (not necessarily unique) factor-
ization
(S) : X = Xn → Xn−1 → . . .→ X1 → X0 = S
of the structure morphism X → S such that, for each i ∈ {1, . . . , n},
Xi → Xi−1 is a proper hyperbolic curve. We refer to the above
factorization of the morphism X → S as a sequence of parametrizing
morphisms. Let gi be the genus of the curve Xi → Xi−1 for each 1 ≤
i ≤ n. We write gS
def
= max
1≤i≤n
gi. We also write gX
def
= min
S
gS , where S
ranges over the sequences of parametrizing morphisms of X → S. In
the case where we consider a pair of a proper hyperbolic polycurve
X → S and a sequence of parametrizing morphisms (S) of X → S,
we write (X, (S)). We refer to such a pair as a proper hyperbolic
polycurve with a sequence of parametrizing morphisms. We shall say
that two proper hyperbolic polycurves (over S) with a sequence of
parametrizing morphisms (X, (S)) and (X ′, (S ′)) are isomorphic if
there exists an S-isomorphism between proper hyperbolic polycurves
of relative dimension i over S defined by (S) and (S ′) for each 1 ≤
i ≤ n such that these isomorphisms are compatible with the sequence
of parametrizing morphisms (S) and (S ′).
(3) Let X be a proper hyperbolic polycurve of relative dimension n over
S. Let
X = Xn → Xn−1 → . . .→ X1 → X0 = S
be a sequence of parametrizing morphisms of X → S. Write gi
for the genus of the proper hyperbolic curve Xi → Xi−1 for each
1 ≤ i ≤ n. We refer to the nonzero integer
χ(X) =
∏
1≤i≤n
(2− 2gi)
as the Euler-Poincare´ characteristic of the proper hyperbolic poly-
curve X → S. Note that χ(X) does not depend on the choice of a
sequence of parametrizing morphisms of the proper hyperbolic poly-
curve X → S by Lemma 1.2. It holds that 2n divides χ(X). Note
that we cannot determine n from χ(X).
Lemma 1.2. Let X be a proper hyperbolic polycurve of relative dimension
n over S. χ(X) does not depend on the choice of a sequence of parametrizing
morphisms of X → S.
Proof. Let
X = Xn → Xn−1 → . . .→ X1 → X0 = S
be a sequence of parametrizing morphisms of X → S. Write gi for the
genus of the proper hyperbolic curve Xi → Xi−1 for each 1 ≤ i ≤ n. We
may assume that S is the spectrum of an algebraically closed field k. Let
l 6= p be a prime number and χ(X,Fl) the Euler characteristic of the trivial
e´tale sheaf Fl on X. It suffices to show that
∏
1≤i≤n
(2 − 2gi) = χ(X,Fl). By
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induction on n and the Leray spectral sequence for Xn → Xn−1, one can
verify this by using [Ill, COROLLAIRE 2.11]. 
Remark 1.3. In the case where S has a point s whose residual characteristic
is 0, Lemma 1.2 follows immediately from the fact that the Euler-Poincare´
characteristic of a proper hyperbolic polycurve X → S can be determined
by the e´tale fundamental groups of the scheme X×S s. Here, s is a geometric
point of X over s. Indeed, let l be a prime number. Write ∆ for the e´tale
fundamental group of the scheme X×S s, H
i(∆,Fl) for the i-th cohomology
group of the trivial ∆-module Fl, and χ(∆,Fl) for the Euler characteristic∑
0≤i≤∞
(−1)idimFlH
i(∆,Fl). Then one can verify that χ(X) = χ(∆,Fl).
In this paper, we shall say that a scheme T is Dedekind if T is a 1-
dimensional connected Noetherian normal separated scheme.
Definition 1.4. Let T be a Dedekind scheme, K(T ) the function field of T ,
η the generic point of T , and X → SpecK(T ) a proper smooth morphism
with geometrically connected fibers.
(1) We shall say that X has good reduction if there exists a proper
smooth T -scheme X whose generic fiber Xη is isomorphic to X over
K(T ). We refer to such X as a smooth model of X.
(2) Suppose that X → SpecK(T ) is a proper hyperbolic polycurve. Let
(S) : X = Xn → Xn−1 → . . .→ X1 → X0 = SpecK(T )
be a sequence of parametrizing morphism of X → SpecK(T ). We
shall say that X has good reduction with respect to (S) if there exist a
proper hyperbolic polycurve X→ T and a sequence of parametrizing
morphisms
(S ′) : X = Xn → Xn−1 → . . .→ X1 → X0 = T
of X→ T such that the proper hyperbolic polycurve with a sequence
of parametrizing morphisms defined by the base change of the se-
quence (S ′) to SpecK(T ) is isomorphic to (X, (S)).
(3) Let X be a separated, smooth, and of finite type scheme over T
whose generic fiber is isomorphic to X over K(T ). We shall say that
X is the Ne´ron model of X if the following property, called Ne´ron
mapping property, is satisfied:
for any smooth scheme Y over T , the canonical map
MorT (Y,X)→ MorK(T )(Y×T SpecK(T ),X)
is a bijection. Here, MorT (Y,X) is the set of morphisms from Y to
X over T , and MorK(T )(Y×T SpecK(T ),X) is the set of morphisms
from Y×T SpecK(T ) to X over K(T ).
Remark 1.5. If a smooth model of a proper hyperbolic curve exists, it
is unique up to canonical isomorphism (cf. [DM]). This also follows from
Lemma 1.6 or Proposition 1.7.2.
Lemma 1.6. Let S be an irreducible normal scheme and K(S) the function
field of S. Let C1 and C2 be proper hyperbolic curves over S, and φ an
isomorphism C1 ×S SpecK(S) ∼= C2 ×S SpecK(S) over K(S). Then there
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exists a unique isomorphism Φ : C1 ∼= C2 over S whose base change to
SpecK(S) coincides with φ.
Proof. Lemma 1.6 follows from the argument given in the discussion entitled
“Curves” in [Moch, §0]. For the convenience of the reader, we give the proof
here. We may assume that a prime l is invertible on S (which, by Zariski
localization, we may assume without loss of generality). Let g be the genus
of Ci. Then the moduli stack Mg of proper smooth curve of genus g (≥ 2)
over SpecZ[1/l] has a finite e´tale covering from a scheme.
Let C → S be a proper hyperbolic curve of genus g, c : S → Mg the
1-morphism defined by C, and ι : SpecK(S) → S the natural morphism.
Let M → Mg be a finite e´tale covering from a scheme, SpecL the scheme
representing SpecK(S)×MgM . Write φL for the base change of φ to SpecL.
Let S′ be the normalization of S in SpecL. Then the scheme S′ represents
S ×Mg M . Since Mg is separated over SpecZ[1/l], there exists a unique
isomorphism
ΦS′ : C1 ×S S
′ ∼= C2 ×S S
′
whose base change to SpecL coincides with φL. Hence, the desired mor-
phism Φ uniquely exists. 
Proposition 1.7 (cf. [LT]). Let T , K(T ), and X be as in Definition 1.4.
(1) Let X be a smooth model of X. Suppose that each closed fiber of
the morphism X → T contains no rational curves. Then X is the
Ne´ron model of X ([LT, Proposition 4.13]).
(2) Suppose that X is a proper hyperbolic curve which has good reduc-
tion. Then a smooth model of X (cf. Remark 1.5) is the Ne´ron model
of X.
(3) Let Y → SpecK(T ) be a proper smooth morphism with geometri-
cally connected fibers. Suppose that X is a proper hyperbolic curve
and that Y has good reduction. Moreover, suppose that there exists
a K(T )-morphism from Y to X. Then X has good reduction ([LT,
Corollary 4.7]).
(4) IfX has a proper Ne´ron model, any smooth model ofX is canonically
isomorphic to the Ne´ron model.
Proof. We only show assertion 2 and 4. Assertion 2 follows from [LT, The-
orem 1.1] and the fact that a smooth model of X is the minimal regular
model of X. Assertion 4 follows from van der Waerden’s purity theorem
(see [EGA, Corollaire (21.12.16)] for a more general statement). 
Note that Proposition 1.7.2 follows from Proposition 1.7.1. Also, one can
show Proposition 1.7.2 by the Ne´ron mapping property of the Ne´ron model
of the Jacobian variety of X (after replacing T by the strict henselization of
each closed point of T ).
Proposition 1.8. Let T and K(T ) be as in Definition 1.4. Let
X = Xn → Xn−1 → . . .→ X0 = T
be a proper hyperbolic polycurve. Then X is the Ne´ron model of the scheme
X×T SpecK(T ).
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Proof. By Proposition 1.7.1, it suffices to show that there exist no rational
curves contained in the special fiber of X. Since any morphism from a ratio-
nal curve to a hyperbolic curve over a field is constant, a proper hyperbolic
polycurve over a field contains no rational curves. Hence, Proposition 1.8
holds. 
Proposition 1.9 (cf. [Mor] and [Nag, Section 7]). Let Z be a connected
Noetherian regular scheme.
(1) Let K(Z) be the function field of Z and CK(Z) → SpecK(Z) a proper
hyperbolic curve. The following are equivalent:
• There exists a proper hyperbolic curve CZ → Z such that CZ ×Z
SpecK(Z) is isomorphic to CK(Z) over K(Z).
• There exist a nonempty open subset U of Z satisfying that Z\U is
of codimension ≥ 2 in Z and a proper hyperbolic curve CU → U
such that CU ×U SpecK(Z) is isomorphic to CK(Z) over K(Z).
• For any point z ∈ Z of codimension 1, there exists a proper hyper-
bolic curve COZ,z → SpecOZ,z such that COZ,z×OZ,z SpecK(Z)
is isomorphic to CK(Z) over K(Z).
In this case, the scheme CZ (respectively, CU ; COZ,z) is unique up
to a canonical isomorphism over Z (respectively, U ; OZ,z for each
point z ∈ Z of codimension 1). Hence, the scheme CZ ×Z U (respec-
tively, CZ ×Z SpecOZ,z) is isomorphic to CU (respectively, COZ,z)
over U (respectively, OZ,z for each point z ∈ Z of codimension 1)
(cf. Remark 1.10).
(2) Let Y be a connected Noetherian regular scheme over Z, V a nonempty
open subset of Y satisfying that Y \ V is of codimension ≥ 2 in Y ,
and C ′ → Z a proper hyperbolic curve. Then the restriction map
MorZ(Y,C
′)→ MorZ(V,C
′)
is bijective. Here, MorZ(Y,C
′) (respectively, MorZ(V,C
′)) is the set
of morphisms from Y to C ′ over Z (respectively, from V to C ′ over
Z).
Proof. Assertion 1 follows from [Mor] and Lemma 1.6. To show assertion 2,
we may assume that Y = Z. Then the assertion follows from [Mor, Lemme
1] (or [Nag, Section 7]). 
Remark 1.10. The latter part of Proposition 1.9.1 does not holds in gen-
eral. Let P1Z be the projective line over SpecZ. Write Bp for the scheme
obtained by blowing up of P1Z(p) at some closed point of P
1
Z(p)
. Then write
Cp for the scheme obtained by contraction of the strict transform of the
special fiber of P1Z(p) in Bp. Consider the family of smooth models {Dp →
SpecZ(p) | p is a prime number} of P
1
Q → SpecQ, where Dp is P
1
Z(p)
or Cp.
One can verify that there exists a proper smooth curve C → SpecZ whose
base change to SpecZ(p) is isomorphic to Cp for all p if and only ifDp = P
1
Z(p)
for all but finite p.
Theorem 1.11. Let Z be a connected Noetherian regular scheme.
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(1) Let K(Z) be the function field of Z and
(SK(Z)) : Xn,K(Z) → . . .→ X1,K(Z) → SpecK(Z)
a sequence of parametrizing morphisms of a proper hyperbolic poly-
curve. The following are equivalent:
• There exists a sequence of parametrizing morphisms of a proper
hyperbolic polycurve
(SZ) : Xn,Z → . . .→ X1,Z → Z
such that the base change of (Xn,Z , (SZ)) to SpecK(Z) is iso-
morphic to (Xn,K(Z), (SK(Z))).
• There exist a nonempty open subset U of Z satisfying that Z \U
is of codimension ≥ 2 in Z and a sequence of parametrizing
morphisms of a proper hyperbolic polycurve
(SU ) : Xn,U → . . .→ X1,U → U
such that the base change of (Xn,U , (SU )) to SpecK(Z) is iso-
morphic to (Xn,K(Z), (SK(Z))).
• For any point z ∈ Z of codimension 1, there exists a sequence of
parametrizing morphisms of a proper hyperbolic polycurve
(SOZ,z) : Xn,OZ,z → . . .→ X1,OZ,z → SpecOZ,z
such that the base change of (Xn,OZ,z , (SOZ,z )) to SpecK(Z) is
isomorphic to (Xn,K(Z), (SK(Z))).
In this case, (Xn,Z , (SZ)) (respectively, (Xn,U , (SU )); (Xn,OZ,z , (SOZ,z)))
is unique up to a canonical isomorphism over Z (respectively, U ; OZ,z
for each point z ∈ Z of codimension 1).
(2) Let Y be a connected Noetherian regular scheme over Z, V a nonempty
open subset of Y satisfying that Y \ V is of codimension ≥ 2 in Y ,
and X ′Z → Z a proper hyperbolic polycurve. Then the restriction
map
MorZ(Y,X
′
Z)→ MorZ(V,X
′
Z)
is bijective. Here, MorZ(Y,X
′
Z) (respectively, MorZ(V,X
′
Z)) is the
set of morphisms from Y to X ′Z over Z (respectively, from V to X
′
Z
over Z).
(3) Let K(Z) and (SK(Z)) be as in assertion 1. Suppose that the equiv-
alent conditions of assertion 1 are satisfied. Let XZ → Z be a
proper smooth morphism such that XZ ×Z SpecK(Z) is isomorphic
to Xn,K(Z) over K(Z). Then XZ is canonically isomorphic to Xn,Z
over Z.
Proof. To show assertion 1 and 2, we may assume that n = 1, in which
case the assertions follow from Proposition 1.9.1 and 2. Next, we show
assertion 3. By Proposition 1.7.4, XZ×Z SpecOZ,z is canonically isomorphic
to Xn,OZ,z over SpecOZ,z for any point z ∈ Z of codimension 1. Therefore,
there exists an open subset U of Z such that Z \ U is of codimension ≥ 2
in Z and XZ ×Z U is canonically isomorphic to Xn,U over U . By assertion
2, there exists a canonical birational morphism φ : XZ → Xn,Z over Z. φ
is isomorphism by van der Waerden’s purity theorem (cf. [EGA, Corollaire
(21.12.16)]). 
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2. Existence of a smooth model of a proper hyperbolic
polycurve with respect to a given sequence of
parameterizing morphisms
In this section, we discuss structures of smooth models of a proper hyper-
bolic polycurve over a Dedekind scheme. For proper hyperbolic polycurves
of relative dimension 2 over complex manifolds, some of the main results of
this section (part of Theorem 2.2 and Corollary 2.3) are proven in [JY].
Definition 2.1 (cf. [Nag, Theorem 1.2.3 and Theorem 1.3]). Let z be a
positive integer. Define a function fz(m) for m ≥ 2 in the following way:
• For m = 2, fz(2) = z + 1.
• For m = 3, fz(3) = 2
z2 .
• For m ≥ 3,
fz(m+ 1) = (fz(m))× (2
z2×fz(m)2)fz(m).
Theorem 2.2. Let Z be a connected Noetherian regular scheme, K(Z) the
field of fractions of Z, and X→ Z a proper smooth scheme. Write X for the
scheme X×Z SpecK(Z). Suppose that X is a proper hyperbolic polycurve
of relative dimension n over K(Z).
(1) Let
(S) : X = Xn → . . .→ X1 → SpecK(Z)
be a sequence of parametrizing morphisms of a proper hyperbolic
curve X → SpecK(Z). Suppose that the residual characteristic
of every point of Z of codimension 1 is more than 22gS×f2gS (n) or
equal to 0. Then there exists a unique sequence of parametrizing
morphisms
(S) : Xn → . . .→ X1 → Z
(up to canonical isomorphism) such that the base change of (Xn, (S))
to SpecK(Z) is isomorphic to (Xn, (S)) and X is canonically isomor-
phic to Xn. In particular, if the residual characteristic of every point
of Z of codimension 1 is more than 22gS×f2gS (n) or equal to 0, X→ Z
has a structure of a proper hyperbolic polycurve. If, moreover, Z is
Dedekind, X is the Ne´ron model of X over Z.
(2) Suppose that the residual characteristic of every point of Z of codi-
mension 1 is more than 2(|χ(X)|+2)×f(|χ(X)|+2)(n) or equal to 0. Then,
for any sequence of parameterizing morphisms (S) ofX → SpecK(Z),
there exists a sequence of parameterizing morphisms (S′) of a proper
hyperbolic polycurve X′ → Z such that the base change of (X′, (S′))
to SpecK(Z) is isomorphic to (X, (S)) and X is canonically isomor-
phic to X′.
Proof. Theorem 2.2.2 follows from Theorem 2.2.1 and the fact that 2gS ≤
|χ(X)|+2 for any sequence of parametrizing morphisms (S) of X → Z. The
uniqueness portion of Theorem 2.2.1 follows from Theorem 1.11.1. We show
the rest of Theorem 2.2.1. Let
(S) : X = Xn → . . .→ X0 = SpecK(Z)
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be a sequence of parametrizing morphisms of X. By Theorem 1.11, we
may assume that Z is the spectrum of a discrete valuation ring OK(Z).
Then Theorem 2.2.1 follows from [Nag, Theorem 1.2.1, Theorem 1.2.3, and
Theorem 1.3]. 
Corollary 2.3. Let Z,K(Z),X, and X be as in Theorem 2.2. Suppose that
Z is a Dedekind scheme and that the residual characteristic of every closed
point is more than 2(|χ(X)|+2)×f(|χ(X)|+2)(n) or equal to 0. Then X has good
reduction with respect to any sequence of parameterizing morphisms of the
proper hyperbolic polycurve X → SpecK(Z) and X has a proper Ne´ron
model.
Proof. Corollary 2.3 follows from Theorem 2.2, Proposition 1.8, and [LT,
Corollary 2.5]. 
3. The Shafarevich conjecture for proper hyperbolic
polycurves
In this section, we prove the Shafarevich conjecture for proper hyperbolic
polycurves. Firstly, we will recall the Shafarevich conjecture for proper
hyperbolic curves over finitely generated fields of characteristic of 0, which
was proved by Faltings. Then we will prove the main theorem (Theorem
3.4) by using Faltings’s result and results of Section 2.
Proposition 3.1 (Faltings). Let S be a normal connected scheme flat of
finite type over SpecZ. Let g ≥ 2 be an integer. Then there exist at most
finitely many isomorphism classes of proper hyperbolic curves of genus g
over K(S) which have a smooth proper model over S.
Proof. We may shrink S so that S is regular. Now Proposition 3.1 follows
from [Fal, VI, §1, Theorem 2] and the Torelli theorem. 
Proposition 3.2. Let S be a normal connected scheme flat of finite type
over SpecZ. Let χ be an integer, and n a positive integer. Then there exist
at most finitely many isomorphism classes of proper hyperbolic polycurves
of dimension n with Euler-Poincare´ characteristic χ over S with a sequence
of parameterizing morphisms.
Remark 3.3. As written in Definition 1.1.3, the dimension of a proper
hyperbolic polycurve is bounded by the absolute value of its Euler-Poincare´
characteristic. Therefore, Proposition 3.2 is still true even if we do not fix
the dimension.
Proof. Let A(n, χ, S) be the set of isomorphism classes of proper hyperbolic
polycurves with a sequence of parameterizing morphisms as in the statement
of Proposition 3.2. We will prove Proposition 3.2 by induction on n. The
case of n = 1 follows from Lemma 1.6 and Proposition 3.1. Let n be a
positive integer greater than 1. Take a pair (X, (S)) ∈ A(n, χ, S) with
(S) : X = Xn → Xn−1 → · · · → X1 → X0 = S.
Let (Xn−1, (S
′)) be the proper hyperbolic polycurve with a sequence of
parameterizing morphism cut out from (X,S). We have (Xn−1, (S
′)) ∈
A(n − 1, χ(Xn−1), S) and |χ(Xn−1)| ≤ |χ|. By the induction hypothesis,
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we may fix the isomorphism class of (Xn−1, (S
′)). Since Xn−1 is a regular
connected scheme flat of finite type over SpecZ, we have Xn → Xn−1 ∈
A(1, χ(Xn → Xn−1),Xn−1). Since |χ(Xn → Xn−1)| ≤ |χ|, the desired finite-
ness follows from the case of n = 1. 
Theorem 3.4. Let S be an integral scheme flat of finite type over SpecZ.
Let χ be an integer, and n a positive integer. Then there exist at most finitely
many isomorphism classes of proper hyperbolic polycurves of dimension n
with Euler-Poincare´ characteristic χ over K(S) which have good reduction
at any regular codimension 1 point of S.
Remark 3.5. As in Proposition 3.2, we do not need to fix the dimension.
Proof. Note that we can replace S by another nonempty open subscheme of
S. Therefore, we may assume that S is regular and that the residual charac-
teristic of any point of S of codimension 1 is more than 2(|χ|+2)×f(|χ(X)|+2)(n)
or equal to 0. For any proper hyperbolic polycurve X of dimension n
with Euler-Poincare´ characteristic χ over K(S), one can equip X with a
sequence of parameterizing morphisms (S) over K(S). By the assumption
on the residual characteristics and Theorem 2.2, the pair (X, (S)) extends
to a proper hyperbolic polycurve with a sequence of parameterizing mor-
phisms over S uniquely. Therefore, it suffices to show the finiteness of the
isomorphism classes of proper hyperbolic polycurves with a sequence of pa-
rameterizing morphisms of dimension n with Euler-Poincare´ characteristic
χ over S. This follows from Proposition 3.2. 
4. An application of the Shafarevich conjecture
In this section, we show the finiteness of isomorphism classes of proper
hyperbolic polycurves over a fixed number field satisfying a condition de-
termined by their e´tale fundamental groups. This finiteness was proved in
[Saw] (cf. Remark 4.2) by examining the geometric e´tale fundamental groups
of proper hyperbolic polycurves. We show this by using the Shafarevich con-
jecture of proper hyperbolic polycurves (cf. Theorem 3.4) and [Nag, Theorem
1.3].
Let L be a field and X → SpecL a proper hyperbolic polycurve. Take a
geometric point ∗ of X and write pi1(X, ∗) → GL for the surjective homo-
morphism between the e´tale fundamental groups induced by X → SpecL.
Note that GL is isomorphic to the absolute Galois group of L defined by ∗.
Corollary 4.1. Let K be a field finitely generated over Q, GK its absolute
Galois group, and Π→ GK a surjective homomorphism of profinite groups.
Then there are at most finitely many K-isomorphism classes of proper hy-
perbolic polycurves whose e´tale fundamental groups are isomorphic to Π
over GK .
Remark 4.2. Sawada proved Corollary 4.1 in the case where K is a gener-
alized sub-p-adic field. Moreover, he treated general (not necessarily proper)
hyperbolic polycurves. We give another proof of Corollary 4.1 because we
can prove Corollary 4.1 immediately by using Theorem 3.4 and [Nag, The-
orem 1.3] under the assumptions of Corollary 4.1.
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Proof. If the e´tale fundamental group of a proper hyperbolic polycurve over
K is isomorphic to Π over GK , its Euler-Poincare´ characteristic coincides
with χ(Ker(Π→ GK),F2) by Remark 1.3. Therefore, by the last sentence of
Definition 1.1.3, it suffices to show that there are at most finitely many K-
isomorphism classes of proper hyperbolic polycurves of dimension n whose
e´tale fundamental groups are isomorphic to Π over GK for every natural
number n (cf. Remark 4.3). Moreover, we may assume that there exists a
proper hyperbolic polycurve XK of dimension n over K whose e´tale funda-
mental groups are isomorphic to Π over GK . Take a regular connected flat
scheme S of finite type over SpecZ whose function field is isomorphic to K.
Since we can replace S by its open dense subscheme, we may assume that
there exists a proper hyperbolic polycurve X → S whose base change to K
is isomorphic to XK → SpecK by Theorem 2.2.2. Moreover, we replace S
by its sufficiently small open dense subscheme so that we can apply [Nag,
Theorem 1.3] in this situation for l = 2. Hence, another proper hyperbolic
polycurve X ′ of dimension n over K whose e´tale fundamental group is iso-
morphic to Π over GK , has good reduction at any point of S of codimension
1. By Theorem 1.11.1, X ′ extends to a proper hyperbolic polycurve over S.
Hence, by Theorem 3.4, Corollary 4.1 holds. 
Remark 4.3. In fact, as in the proof of [Saw], the dimension of a (proper)
hyperbolic polycurve X over a field L of characteristic 0 is determined by
the profinite group Ker(pi1(X, ∗)→ GL).
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